Symmetry properties of stochastic dynamical systems described by stochastic differential equation of Stratonovich type and related conserved quantities are discussed, extending previous results by Misawa. New conserved quantities are given by applying symmetry operators to known conserved quantities. Some detailed examples are presented.
Symmetries and conserved quantities have been discussed in the framework of Bismut's stochastic mechanics [1] and Nelson's stochastic mechanics, see e.g. [2, 3, 4] . More recently A.B. Cruzeiro, J.C. Zambrini, T. Kolsrud [5] and Nagasawa [6] have discussed stochastic variational principles and associated conserved quantities in the theory of Schrödinger processes(Euclidean quantum theory, in the sense of Zambrini, see also [7] ). In [8] (a stochastic version of [9] ) a theory of conserved quantities related to a stochastic differential equation of Stratonovich type has been presented, without referring to either Lagrangians or Hamiltonians. In this letter we investigate the symmetry of the stochastic dynamical differential equation and the space of conserved quantities. We derive new results on conserved quantities which include the ones in [8] . It is shown that the conserved quantities are related to the symmetry algebra of the space of conserved quantities.
We consider the stochastic dynamical systems of Stratonovich type [10] described by the following n-dimensional vector valued stochastic differential equations,
where x t is a IR n -valued stochastic process,
are IR n -valued smooth functions, r = 1, ..., m, satisfying restrictions at infinity allowing the existence and uniqueness of solutions of (1), with given (deterministic or stochastic) initial condition
A function I ∈ F is called a conserved quantity of stochastic dynamical system (1) if it satisfies
where
, when x t satisfies (1). By Ito-Stratonovich's formula (2) implies dI(x t , t) = 0 and I(x t , t) = constant holds along the diffusion process x t , the constant being independent of t, but possibly depending on the initial condition x 0 . If the initial condition x 0 in (1) is taken to be deterministic, then I is a deterministic quantity independent of time.
In investigating the symmetry of the stochastic dynamical process (1), we would like to distinguish the symmetry of the stochastic differential equation (1) and the symmetry of the space of conserved quantities. We first consider the former. Let ǫ > 0 and ζ = (ζ)
[Theorem 1]. For ǫ sufficiently small the stochastic differential equation (1) is invariant under following transformations
if ζ i (x t , t) satisfy
[Proof]. Under (3) equation (1) becomes (writing shortly ζ for ζ(x t , t)):
On the other hand by the formula for Stratonovich differentials we have:
Combining above two equations we obtain formulae (4).
Let a i , i = 1, ..., n and a 0 all belong to F . Then an operator S =
is by definition a symmetry operator of the infinitesimal invariance transformation (3) of the stochastic equation (1) if S satisfies, on
where [ , ] is the Lie bracket and ζ i satisfies equation (4) .
For the symmetry related to the space of conserved quantities of the stochastic dynamical process (1), we consider a linear operator L satisfying the following commutation
where T, T α , R r , R α r ∈ F . Let I ≡ {I(x t , t)|dI(x t , t) = 0 when x t satisfies (1)} be the space of the conserved functionals of the process. We have [Theorem 2]. For I ∈ I and L satisfying relation (6) , LI is also a conserved quantity, i.e., LI ∈ I.
[Proof]. As I ∈ I, I satisfies equation (2) . From (6) we further have ∆ t (LI) = 0,
Let L denote the set of all operators L satisfying (6).
[ Theorem 3] . The set L is a complex Lie algebra under Lie commutators(acting on
Property (1) is obviously as
By a direct calculation we have, on
where the linear property of operator L 1 and L 2 has been used. Therefore
From Theorem 2 we have that the space of the conserved functionals admits the symmetry algebra L in the sense that it is invariant under any L ∈ L. The space I is a representation of the closed algebra L. We call the elements of L "symmetry operators".
Now we consider a subalgebra
Let L 0 be of the form
.., n and B belong to F . A direct calculation shows that relations (7) are equivalent to the following equations:
and∆ r B = 0 , r = 1, ..., m .
as operators on C 1 (IR n × IR).
We remark that in general a symmetry operator of the space I is not a symmetry [
is a conserved quantity of stochastic dynamical system (1)(i.e. for x t satisfies (1)), when
[Proof]. We have (dropping everywhere, for simplicity, the arguments x t , t):
where eqs. (8) (9) (10) (11) , (13) and (14) have been used. Therefore by definition I(x t , t) is a conserved quantity.
Theorem 4 is a generalization of the one presented in [8] , not only because of the extra term ∂ t B − T , but also because of the presence of B in the symmetry operator L 0 . For the special case that
(these are the cases of the examples given in [8] ), we see from eqs. (8) and (10) that ∂ t B − T = 0, hence these terms disappear in the expression of I(x t , t). Even in these cases formula (12) is still a generalization of the one in [8] as long as B = 0 in L 0 .
For a more detailed discussion we consider several examples.
Example 1 Following [8] we consider the 3-dimensional stochastic linear dynamical system:
In this case the existence and uniqueness of the solution is well know (see e.g. [10] ). The system (15) has the properties
several solutions of L 0 satisfying (7) can be obtained with T = 0. For instance
By using Theorem 4 we can deduce that the following quantities are conserved:
, where I 1 is the conserved quantity obtained in [8] . I 3 is a new conserved quantity for the system (15).
As ∆ t and∆ r are linear operators, products of conserved quantities are still conserved quantities. Let us set 
In the present case r = 1 and
∂ i commutes with ∆ t and∆ 1 , we have that L is a symmetry operator in L 0 (defined in (7)). Hence the system (15) possesses an infinite number of symmetry operators that are linear independent. They constitute an algebra L 0 with commutation relations which can obviously be explicitly computed, e.g.,
As B = 0 in this example, the algebra L 0 coincides with the algebra generating the infinitesimal invariance transformations for the stochastic differential equation.
The following examples are dedicated to show the useful symmetry analysis on conserved functionals in stochastic dynamical systems. We start with a (unique) solution for small times and show that associated to it there are conserved quantities (functionals of the solution process).
Example 2 Let us consider the following stochastic dynamical system
where n , m ∈ Z, m = 0, and b 0 ∈ IR. We have the symmetry operators in L 0 satisfying
with
and where
φ satisfying (13) and (14) is given by φ = −3 log t, t = 0. From Theorem 4 we have, for
x t satisfying (18):
Let us summarize. By investigating the symmetry of the space of conserved quantities for stochastic dynamical systems, we have established new relations for conserved quantities. We would like to indicate that although the conserved functionals are given by the elements of a subalgebra L 0 of L, the space of conserved functionals itself admits the symmetry Lie algebra L. Let us consider (18), with ∆ t and∆ 1 given by (19), as an example. We consider the operator L = a(x t , t)∆ t + b(x t , t)∆ 1 , a(x t , t), b(x t , t) ∈ F .
Noting that in present case [∆ t ,∆ 1 ] = 0, we have
Therefore L is a symmetry operator in L which maps I ∈ I to zero. However only when ∆ t b(x t , t) =∆ 1 a(x t , t) = 0 and∆ 1 b(x t , t) = ∆ t a(x t , t) is L a symmetry operator in L 0 , satisfying the defining relations (7).
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